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Degradation Data Analysis Using Wiener Processes
With Measurement Errors
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Abstract—Degradation signals that reflect a system’s health state
are important for diagnostics and health management of complex
systems. However, degradation signals are often compounded and
contaminated by measurement errors, making data analysis a dif-
ficult task. Motivated by the wear problem of magnetic heads used
in hard disk drives (HDDs), this paper investigates Wiener pro-
cesses withmeasurement errors.We explore the traditionalWiener
process with positive drifts compoundedwith i.i.d. Gaussian noises,
and improve its estimation efficiency compared with the existing
inference procedure. Furthermore, to capture the possible hetero-
geneity in a population, we develop a mixed effects model with
measurement errors. Statistical inferences of this model are dis-
cussed. The mixed effects model subsumes several existing Wiener
processes as its limiting cases, and thus it is useful for suggesting an
appropriateWiener processmodel for a specific dataset. The devel-
oped methodologies are then applied to the wear problem of mag-
netic heads of HDDs, and a light intensity degradation problem of
light-emitting diodes.

Index Terms—Embedded model, random effects, wear data.
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first passage time and the CDF

true value of degradation
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variance matrix
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ordered inspection times

the observed degradation for the th unit

transformed time scale

number of measurements and number of tested
units

standard normal CDF and PDF

s-normal distribution with mean and variance

measurement error with

the MGF of on

probability density function

log-likelihood function

the vector of all unknown parameters

I. INTRODUCTION

M OST components and systems deteriorate over time,
and fail when the degradation accumulates beyond

an acceptable or safe level, called a threshold. Degradation
information for these systems, e.g., wear, tear, crack length,
can usually be measured in a non-destructive way, after which
a proper degradation model is often chosen to describe the
process through analysis of the data. Among the degradation
models, the Wiener process with positive drift is a favorable
candidate due to its mathematical properties and physical inter-
pretations. A well-adopted form for the regular Wiener process

can be expressed as [1], [2]

(1)

Whitmore and Schenkelberg [1] called the transformed
time scale. TheWiener process has -independent and normally
distributed increments, i.e., is
-independent of , and

.

0018-9529 © 2013 IEEE



YE et al.: DEGRADATION DATA ANALYSIS USING WIENER PROCESSES WITH MEASUREMENT ERRORS 773

This process has been extensively applied in degradation data
analyses. It was used in [3], and [4], to describe the degrada-
tion of a light-emitting diode (LED). In [5], and [6], it was used
to model the fatigue of metals. This process was also applied
to the degradation of self-regulating heating cables [1], alu-
minum reduction cells [7], bearings [8], bridge beams [2], and
micro-electromechanical systems [9]. In real applications, how-
ever, it is inevitable that some measurement errors may be in-
troduced during the observation process, which is also called an
imperfect inspection. For example, measurements of the degra-
dation process are often taken with imperfect instruments; in ad-
dition, random environments will also affect the measurement
values. Imperfect inspection is common, especially when the
measurements are taken in a non-directive way, e.g., through
sensors or current probes. For example, imperfect inspection is
observed in the accelerated degradation test for the magnetic
heads of hard disk drives (HDDs) conducted at the Prognostics
and Health Management Center.
As high precision storage devices, modern HDDs utilize

nano-level or even sub-nano-level recording spacing to read
and store data. The low spacing introduces head disk inter-
ference, resulting in intermittent or continuous contacts [10].
The contacts lead to random head disk wear that may induce
data corruption [11], head corrosion [12], and instable flying
[13], subsequently resulting in performance deterioration of
the read-write process. Accurate characterization of the wear
process can help understand the wear mechanism of head disk
interaction, and thus is critical to predicting the future evolution
of wear, and in guiding the design of HDDs of later vintages.
Based on our preliminary analysis of the wear process, the
Wiener process is a good candidate for approximating the wear
accumulation. During the test, direct measurements of the wear
are not feasible. Non-direct measurements utilizing thermal
asperity signals are a common alternative [14]. However, the
thermal asperity signals are often compounded by shot noises
from the ambient environment, and thus are subject to mea-
surement errors. This problem will be discussed in more detail
in Section VI.
From the above example, we can see that including measure-

ment errors in the Wiener process is necessary in degradation
data analysis. Whitmore [15] investigated the Wiener process in
the presence of measurement errors. However, when we apply
the inference procedure developed by [15] to HDD degradation
data, we find that this procedure does not make full use of the
data, as detailed in Section V. This ignorance results in non-neg-
ligible statistical efficiency losses, especially when the number
of observations associated with each unit is small. The first ob-
jective of this study is thus to remedy this deficiency.
On the other hand, due to the possible variations in the geom-

etry and material of the HDD heads, and the differences in disk
roughness, the wear rates might vary between different heads,
i.e., there might be some heterogeneities within the population.
Generally speaking, units within a product population share
some commonalities. But there might also be some unit-spe-
cific characteristics. For example, when manufacturing a batch
of products, the initial properties of the units, e.g., the flaw
sizes and the material properties, may differ from each other
[16]. The degradation of such products can be described by

mixed effect models, where fixed effects capture the common
characteristics while random effects capture the unit-to-unit
differences. Some degradation models with mixed effects and
their applications can be found in [17]–[19]. Wiener processes
with mixed effects have been investigated in a number of
studies. For example, [2] assumed and in (1) to be random
across the product population, while [20] assumed a random
. These processes also have measurement error problems.
Motivated by practical needs, the second objective of this
study is to develop a Wiener process with a mixed effects
model subject to measurement errors, and to investigate its
properties. We call this model the mixed effects model, while
the one proposed by [15] is the model we refer to as the simple
model. These two models are then applied to HDD wear data
analysis. In view of the prevalence of measurement errors, and
of the importance of degradation models with mixed-effects
in the prognostics and failure prediction of complex systems,
these methodologies could also be applicable to many other
products, such as lithium-ion batteries [21], laser devices [19],
and inkjet printer heads [22]. Moreover, the mixed effects
model includes the regular Wiener process (1), and the simple
model as special cases. This inclusion makes the mixed effects
model attractive, as it is able to discriminate which variant of
the Wiener process should be used to model a particular set of
data. We will demonstrate this ability in Section VI.
The remainder of the paper is organized as follows. Section II

introduces a simple Wiener process model with i.i.d. normally
distributed measurement errors. Section III proposes a mixed
effects model, and investigates some basic properties of this
model. Statistical inferences of the mixed-effects model and the
simple model are discussed in Section IV. The estimation ef-
ficiency of our method is compared with the efficiency of the
estimation procedure discussed in [15] via a Monte Carlo simu-
lation in Section V. Section VI systematically analyzes the wear
data of HDD magnetic heads, as well as an LED degradation
dataset from [23]. Section VII concludes the paper.

II. THE SIMPLE MODEL WITH MEASUREMENT ERRORS

Consider a product whose degradation can be modeled by the
Wiener process given by (1). A soft failure is
often defined as when the degradation first hits a pre-specified
critical level . The cumulative distribution function (CDF)
of the first passage time of (1) to is given by [9]

(2)

When a measurement is taken at time , there is a measurement
error , where . The observed degradation process

is given by

(3)
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Throughout the paper, the subscript is used for a quantity as-
sociated with time , e.g., . Suppose the process is
inspected at ordered inspection times , with
observed degradations ,
where . The measurement errors are assumed
to be i.i.d. realizations of . Note that, for any , and
are -dependent. Therefore, we turn to the increment instead.

Define , , , and ,
, for . Then

follows a multivariate normal distri-
bution with a joint PDF

(4)
where is a realization of ,

, and the variance matrix is a positive
definite matrix with the th element given by

or
otherwise.

This model was originally developed by [15]. However, the
author only focused on the increments (i.e., , , in our
setting), and ignored the observation at the first time point .
This approach does not make full use of the information from
the data, and will result in efficiency losses when estimating
the parameter. In this study, this deficiency is remedied by in-
cluding into . Our remedy is effective, especially when
the number of observations associated with each unit is small. A
simulation study will be carried out in Section V to demonstrate
this effectiveness.

III. THE MIXED EFFECTS MODEL

To capture the heterogeneity within the population, we as-
sume . This assumption means that for each
unit is fixed but unknown, following a normal distribution. It
should be noted that the normality assumption for the random
effect term has been adopted by many studies [2], [3], [22],
[24]. Basically, this model assumes that the degradation be-
haviors of different units are similar to each other, except for
the disparate degradation rates. When , we have

.
Suppose the process is inspected at times

, with observed degradations
. Again, we work on the

increment . Conditional on , the joint distribution of
is given by (4). Therefore, the moment generating function
(MGF) of the conditional on is given by

(5)

Integrating out of (5) yields the unconditional MGF of as

This moment generating function suggests that

(6)

For any , and are also -dependent because of
the random effect . In many cases, it is of interest to estimate
based on the observations. The joint PDF of is given by

The conditional distribution of can be obtained by integrating
out of the expression, which yields

(7)
In the prognostics and health management of complex systems,
the degradation of the system is periodically tracked to monitor
the system health status. The in-service measured degradation
signals can be used to update the conditional distribution of
through (7), to schedule preventive maintenance.
The mixed effects model includes the simple model (3) as

a limiting case if we let . This model also includes the
mixed effects model without measurement errors [4] if .
When both and , the mixed effects model degen-
erates to the regular Wiener process (1). This result means that
the mixed effects model can be viewed as an extended model
which embeds several existing Wiener process models. In sur-
vival data analysis, it is often desirable to fit a specific dataset
by using an extended model. The results will suggest an appro-
priate Wiener process model for the data. In addition, the ex-
tended model provides tests of degree of departure from an as-
sumed regularWiener process model or the simple model. It can
also be used to conduct sensitivity analyses of the model choice.
For more discussions about the benefits of model expansion,
and the subsequent hypothesis test for selecting the most likely
embedded model, please refer to Section 10.2.2 in [25]. There-
fore, the mixed effects model is a flexible choice for degradation
modeling, as demonstrated by two real examples in Section VI.

IV. STATISTICAL INFERENCE

A. Determining

In real applications, parameters in the above two models
should be estimated through analysis of testing data. First
of all, a parametric form for should be determined in
advance. The parametric form may be determined based on
prior knowledge, or on the degradation physics. For the HDD
example, analysis of the degradation physics reveals that the
wear depth of the magnetic head is a power-law function of the
usage time [26]. On the other hand, from the distribution of

, we can see that the mean degradation path for the simple
model is , while it is for the mixed effects model.
Therefore, if there is no prior information about , we may
average over the testing samples to obtain the estimated mean
degradation path, and specify a parametric form for by
fitting the estimated mean path. Possible choices for the mean
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path include the linear function, the power law function, and
the exponential law function.

B. MLE for the Mixed Effects Model

To facilitate the inference, we re-parameterize the parame-
ters by , , and . Let be
the vector of all unknown parameters. Suppose that the degrada-
tion processes of testing units are inspected. We assume that
all the units have common inspection times given by . How-
ever, the inference can be easily extended to the case of different
inspection times for different units. The degradation measure-
ments for the th unit are given by .
Again, we work on the increments . Based on (6), the log-
likelihood function can be expressed as

where denotes a generic constant that may change from line
to line throughout the paper. Taking the first derivative of
with respect to , and , yields respectively

and

Equating these two partial derivatives to zero and solving the
equations yields

(8)

and

(9)

where , and are the ML estimates when the other
parameters are fixed at . Substituting (8) and (9) into the log-
likelihood function yields the profile likelihood function

(10)

where is given by (9). The parameters can be obtained
by maximizing this profile log-likelihood function. Standard er-
rors and confidence intervals for the ML estimates can be esti-
mated through the bootstrap method.

C. MLE for the Simple Model

Statistical inference for the simple model in Section II is sim-
ilar to that discussed in [15], except that [15] used the likelihood
function based on the joint PDF of ,

while we utilize the joint PDF of given by (4). For ease
of reference, we briefly narrate the estimation under our no-
tation framework. As with the estimation procedure for the
mixed effects model, we reparameterize the parameters using

, and . The log-likelihood function can
be specified based on (4). Taking the first derivatives of the
log-likelihood function with respect to and , equating them
to zero, and solving the corresponding equations yields the
ML estimates of and conditional on the other remaining
parameters as

and

Based on and , the profile log-likelihood function
reduces to

(11)

The ML estimates for the remaining parameters can be obtained
by maximizing (11).

D. Initial Guesses When Estimating the Mixed Effects Model

When an optimization algorithm is applied to numerically
maximize the profile log-likelihood function, we start with an
initial guess that is reasonably close to the MLE of , and
the parameters in . This start is especially important if the
data size is large, i.e., a large for each unit, because under
this scenario the likelihood function becomes much more com-
plex with possibly many local optima, and each Newton step
takes a long time to evaluate. A bad starting point would result
in a very slow convergence, as well as a local optimum far away
from the true MLE. This subsection develops a three-step pro-
cedure to make an educated guess for the initial value. The basic
idea is as follows. For the th unit, is an unknown but fixed
value, i.e., a random draw from . Conditional on ,
the mean degradation path is given by . Therefore, after
specifying the parametric form of , we can fit the degrada-
tion paths by the standard least squares approach to get rough
estimates for , and for the parameters in . By
treating these rough estimators as the true values, the problem
reduces to the estimation of a simple model similar to the one
described in Section II, but with different yet known values of
for each unit. The detailed procedure is as follows.
Step 1) Get rough estimates of , and the pa-

rameters in by minimizing the mean squared
error

Step 2) Get rough estimates of the normal parameters
by fitting the estimated .
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TABLE I
BIASES AND STANDARD ERRORS OF THE ML ESTIMATES BASED ON THE PROPOSED APPROACH:

TABLE II
BIASES AND STANDARD ERRORS OF THE ML ESTIMATES BASED ON WHITMORE’S APPROACH:

Step 3) By fixing , and the parameters in
at the rough estimates obtained from Step 1, get
rough estimates of and by maximizing the
log-likelihood function

After obtaining the rough estimates from the above
three-step procedure, legitimate initial guesses of
and are obtained. In conjunction with the initial
guesses of the parameters in from Step 1, the
starting point for maximizing the profile log-likeli-
hood function (10) is determined.

V. SIMULATION STUDY

To demonstrate the benefits of including the first observation
of each unit in the simple model compared with [15], a com-
prehensive Monte Carlo simulation study is conducted. Assume

, where is a parameter to estimate. Without loss of
generality, we fix , , and ; and check ,
and to see the effect of curvature.We choose the number
of testing units to be , 20, and 40. Each unit is inspected
times with . For each , we examine , 10, 15,

and 20.
For each combination of , the biases and the mean

square errors (MSEs) for the parameters are

estimated based on 10,000Monte Carlo replications. The results
are displayed in Tables I to IV.
From these tables, it can be observed that, when the number

of observations associated with each unit is small, the biases
and MSEs of the estimators based on our method are signifi-
cantly smaller than the estimation procedure proposed by [15].
This relationship exists because, when is small, neglect of
the first observation point would lose a high percentage of the
overall information. When increases, the performance of the
estimators based on [15] comes near the performances of ours,
but our approach still yields slightly smaller biases and MSEs.
Evidently, when the bias and variance of the estimated parame-
ters are smaller, the estimated CDF of the failure time will also
have smaller bias and variance.

VI. TWO ILLUSTRATIVE EXAMPLES

A. Application to the HDD Wear Problem

1) Problem Description: To investigate the wear behavior of
themagnetic head of an HDD, an accelerated degradation test by
means of overdrive was carried out. Overdrive is realized by ap-
plying extended power to the magnetic head to induce an exces-
sive protrusion, which forces the head to contact with the disk.
In the real operation of an HDD, overdrive is becoming more
likely to occur, as thermal flying height control is difficult at an
ultra-low head disk spacing. This experiment used a thermal as-
perity sensor to characterize the head wear. The thermal asperity
signals are a significant index of head wear performance [14].
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TABLE III
BIASES AND STANDARD ERRORS OF THE ML ESTIMATES BASED ON THE PROPOSED APPROACH:

TABLE IV
BIASES AND STANDARD ERRORS OF THE ML ESTIMATES BASED ON WHITMORE’S APPROACH:

Fig. 1. (a) Transformed wear paths of 9 HDD heads (with circles), and (b) the
transformed mean degradation function (no circles); the dashed lines are the
estimated mean path, and the associated 95% pointwise confidence band based
on the simple model with measurement errors.

The signals were collected via a National Instruments acquisi-
tion system. The thermal asperity data of 9 units were collected.
All units are measured from to 7. The wear data, i.e.,
the thermal asperity data of the 9 units, are depicted in Fig. 1.
Due to confidentiality, the data analyzed here have been prop-
erly scaled.
Data Analysis: We first apply the mixed effects model to fit

the data. The MLEs are

with a maximum log-likelihood value of 86.6. The magnitude
of , representing the variation of , is close to 0 (i.e., nearly no
variation) suggesting it is possible that might not be random.
This problem motivates us to use the simple model. The MLEs
of the parameters in the simple model are

with a maximum log-likelihood value of 86.6, which is the same
as that of the mixed effects model. It is worth noting that the es-
timated , , , and under both models are very close, which
indicates that vanishes. Because the simple model has fewer
parameters than the mixed-effects model, it is chosen for the
data according to the Akaike information criterion (AIC) [27].
To demonstrate the goodness of fit, the mean degradation paths
estimated from the model and from the sample average are com-
pared. Standard errors and confidence intervals for these esti-
mated parameters are estimated through the bootstrap method,
as shown in Table V. To further validate the existence of the
measurement errors, we fit the data with a traditional Wiener
process with positive drifts [1]. Maximum likelihood estimation
leads to a maximum log-likelihood value of 84.4. An applica-
tion of the AIC criterion suggests that the simpleWiener process
with measurement errors is a better choice for the wear data.
Based on (4), the estimated wear path based on the simple

model is given by

(12)
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TABLE V
STANDARD ERRORS (STD) AND 95% CONFIDENCE INTERVALS FOR

THE PARAMETERS

Fig. 2. Estimated mean paths based on the sample average and on the simple
model with measurement errors.

The estimated mean wear path based on (12) should match the
sample average if the simple model is correct. Therefore, we
plot the estimated mean wear path based on (12) in conjunction
with the sample average in Fig. 2. The two curves tally quite
well, implying the goodness-of-fit of the simple model. To vi-
sualize the result, we also depict the estimated mean wear path
and the associated 95% pointwise confidence band in Figs. 1
and 2. Note that the confidence band for the mean wear path is
different from the predictive band for the degradation levels in
that the confidence band is always narrower. Therefore, it is ex-
pected that most degradation points fall out of the confidence
band.
To examine the correctness of the power law assumption, we

further transform the time scale to . The observed degradation
levels under the transformed time scale are plotted in conjunc-
tion with the transformed mean degradation paths, as depicted
in Fig. 3(a). Fig. 3(b) shows the sample mean path and the esti-
mated mean path based on the Wiener process model under the
transformed time scale. From Fig. 3, it can be seen that the ob-
servations under the transformed time scale are approximately
linear, indicating the appropriateness of the power law assump-
tion to some extent.

B. Application to an LED Degradation Problem

The light intensity of a light emitting diode (LED) decreases
over time, leading to a soft failure when the drop in intensity
reaches a critical value . To investigate the degradation
behavior of LED lights, many experiments have been carried
out to collect degradation data. A dataset was presented in [23],
where 12 units were tested under an accelerated current of 40
mA. The degradation level of each unit was checked every 50
hours until 250 hours passes. The degradation data are presented
in Table VI, while the degradation paths are depicted in Fig. 4.
We first apply the mixed effects model to fit the data. Tseng

et al. [28] suggested that is appropriate for LED

Fig. 3. Observed wear paths under the transformed time scale: the dashed line
is the estimated mean degradation path under the transformed time scale.

TABLE VI
LIGHT INTENSITY DEGRADATION DATA OF 12 LEDS [23]

Fig. 4. The degradation paths of 12 LEDs under an accelerated current of
40 mA; the dashed lines are the estimated mean path, and the associated 95%
confidence band based on the regular Wiener process model.

degradation modeling, and thus it is adopted here. The ML es-
timates of the parameters are

with a maximum log-likelihood value of 158.9. The estimated
values of and are approximately 0, indicating that the reg-
ular Wiener process model (1) or the simple model (3) may be
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Fig. 5. The empirical CDF with 95% pointwise confidence band and the CDF
with 95% pointwise confidence band obtained from the regular Wiener process.

suitable. We then use the simple model (3), leading to the MLEs
as

with a maximum log-likelihood of 158.9, the same with the
mixed effects model. Again, the estimated is so small that it is
suspected to vanish. We then apply the regular Wiener process
model (1) to fit the data. The maximum log-likelihood value is
still 158.9, while theMLEs (standard errors) of the parameters
are

To test the goodness-of-fit, we extrapolate the degradation paths
to the threshold to obtain the pseudo failure time for
each unit. The empirical CDF of the pseudo failure times and
the pointwise 95% confidence intervals are obtained through
theKaplan-Meier method. If the underlying degradation follows
the regular Wiener process, the failure time, i.e., the first hitting
time of the Wiener process to , follows an inverse Gaussian
distribution (2). The empirical CDF and the CDF obtained from
the estimated inverse Gaussian distribution are simultaneously
displayed in Fig. 5. As can be seen from thisfigure, the estimated
failure time distribution based on theWiener process agrees well
with the empirical distribution, indicating goodness-of-fit.

VII. CONCLUSION

This study has investigated Wiener processes subject to mea-
surement errors. A new procedure was developed to estimate
the simple model, and the estimation efficiency was compared
to the one proposed by [15] through a simulation. The results
revealed that our procedure is more efficient, especially when
the sample size is small. This result is expected because our
procedure makes full use of the data during the inference. In
the HDD problem, the number of observations for each HDD is
small. If the first observation point is not used, significant infor-
mation loss is expected. This result is also true for most accel-
erated degradation testing efforts, where the number of inspec-
tions with each unit is often small. Therefore, our new procedure
is useful for accelerated degradation data analyses.
We then developed a Wiener process model with mixed-ef-

fects subject to measurement errors. This development is an ex-

tended family of Wiener process models that contains several
existing models as its limiting cases. Therefore, the mixed ef-
fects model is useful when checking the goodness-of-fit of the
embedded models, because a common way to test a model for
a specific dataset is to embed the model in a class of plausible
nested models constructed such that, if the hypothesized model
is not valid, another model in the extended class will provide
an adequate fit [29]. Two examples demonstrated the efficacy
of this new model in selecting the proper Wiener process model
for a specific degradation problem. For example, when we ap-
plied the mixed effects model to fit the HDD wear data, the esti-
mated variance of the random effect term tends to vanish, which
is strong evidence of the good fit of the simple model.
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